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NUMERICAL SOLUTION OF NON-LINEAR CREEP PROBLEMS
WITH APPLICATION TO PLATES

Z. P. BAZANTt

The Technological Institute, Northwestern University, Evanston, Illinois

Abstract-A general numerical method of time integration of non-linear integral-type creep problems is pre­
sented. This method reduces the creep problem to a sequence of elasticity problems with initial strains. Its prac­
tical feasibility and convergence is proved by the analysis of a rectangular plate, and the accuracy of various
types of the method is empirically studied. For the special case of a degenerate memory function, an efficient,
storage and time saving modification is derived. In addition, the numerical methods for rate-type creep are also
studied.

1. INTRODUCTION

IT IS well-known that an inelastic stress problem can be approximately solved as a sequence
of linear elastic problems. This method is based on Theorem 1 given in the Appendix.
This theorem allows to convert the elasticity problem with initial strains to an elasticity
problem without initial strains. For volumetric strains this theorem was presented in
1838 by Duhamel, for deviatoric strains and isotropic material it was derived in 1931 by
Reissner (see [1]). By different approaches it was later independently obtained by Eschelby
(cf. [1]) and (for a generally anisotropic material) by BaZant [2-4]. First application of this
theorem to creep (of the rate type) of plates is due to Lin [5,1] and BaZant [3,4]. In these
studies only simple examples, accessible to hand calculation and serving merely the purpose
of illustration, were solved numerically [5, 1]; in space coordinates the finite difference
method was considered. Without recourse to Theorem 1, a conversion of initial strains to
nodal loads, equivalent to this theorem, has been developed for the finite element method
(cf. [6]).

In this paper:j: a method of solution of non-linear integral-type problems based on
Theorem 1 will be shown and applied to plate bending. The solution for the rate-type creep
will be also discussed. Practical feasibility and convergence of solution will be proved by
the results of computer analysis and the rate of convergence will be studied by means of
examples.

2. ALGORITHM OF TIME INTEGRATION FOR INTEGRAL-TYPE CREEP
Let the following isotropic non-linear creep law for small deformations be considered:

( ) = CTv(t) It CT..('r)F ( )L ( ) dev t K + v 'I: v t, 'I: 'I:
to K

(1)
SiP) it SiJ{'I:)eiit) = 2G + 2G Fd('I:)L,,(t, '1:) d'l: (i,j = 1,2,3)

to

t Associate Professor of Civil Engineering.
t This paper is based on author's Internal Research Report No. 68/2, "Approximate Analysis of Linear and

Nonlinear Creep Problems. Initial Strain Method", Department of Civil Engineering, University of Toronto
(1968).
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where t = time, to = time of first loading, r = time as integration variable; (JI" CV = volu­
metric stress and strain; sij' eij = deviators of stress and strain in cartesian coordinates
x = Xl' Y = X2' Z = X3 ; Lv, Ld = given memory functions; K = volumetric modulus,
G = shear modulus; Fv ' Fd = given polynomials in the basic invariants of the stress tensor
in time r. In the numerical example it will be assumed:

(2)

(4)

where U v and § are expressed in kp (force kilogram)/cm2
; ,~ = stress intensity. For plane

stress (U33 = U13 = (J23 = 0),

§2 = (u 11 -(22)2+Ull (J22 +3U;2 (3)

where uij Sij+ (jijUv = stress tensor, (jij = Kronecker delta. The memory functions will
be assumed in the numerical example as follows

0[( 100) t-r JjLJt,r) = -- 0'6+---or r t-r+60

Lv(t, r) = LJt, r)(0'5 - ,u')/(I + Il')

where ,u' = Poisson ratio for creep. These memory functions may be used for cement
concrete at constant humidity and temperature; t and r represent the age of concrete and
in (4) are assumed to be given in days.

Introducing a subdivision t(O)' t(l)"" tIn) ofthe given time interval (to, td into n equal
subintervals At, the hereditary integrals in equation (1) for t = t(r) may be approximated
by the following expressions

(5)

where
r

U~(r) = L c(s)(JV(Slv(S)Liter), tIS»~
s=O

r

S~(r) = L c(S)Siilsld(s)LJt(r), tIS»~
s=o

(i,j ~ 1,2, J. (6)

Subscript (r) stands for time t(r), e.g. Uv(S) = (Jv(t(S»; cis) = coefficients of the formula for
numerical integration. The creep law (1) may now be written in the form

(i,j = 1,2,3). (7)

If in a given creep problem the stresses have already been calculated up to the time t(r-l}

and an estimate of the values in time t(r} has been made (by extrapolation), the values
e&(r} and G~(r} may be determined, using equation (5). Equations (6) may then be regarded
as a fictitious linear elastic stress-strain law with prescribed initial strains G~, eZ. The calcula­
tion of uij(r) and GO(r} is therefore a problem of elasticity with initial strains. This problem
may be converted to an elasticity problem without initial strains according to Theorem 1.
The loads to be considered are the given applied loads (and the prescribed displacements)
for time t(r)' Solution of this elasticity problem yields the stresses, strains and displacements
in time t er). Calculating e~(r) and e~(r) again for these values of stress, and repeating the
solution ofthe elasticity problem with initial strains, more accurate values ofstresses, strains
and displacements in time t(r) may be obtained.
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Accuracy of the above algorithm depends essentially on the formula (5) for the evalua­
tion ofthe hereditary integrals. The error is of order At4 if the coefficients cIs) are introduced
according to the formula

fl(r)!(t) dt,: ~;[9<'f(O)+.1(.»+ 19(.1(1) +.1(.-1»- 5(.1(2) +.1(.- 2»
1(0)

+.1(3)+.1(.-3)+ :t: (-.I(s-1)+ 13.1(s) + 13.1(.+ 1)-.I(s-2»] (8)

which is valid for r ~ 3 (both even and odd). For r = 2 the Simpson rule may be used.
However, a special procedure is needed for r = 1 in order to maintain the same order of
error and avoid the trapezoidal rule which would give an error of order At2 • This can be
achieved by successive approximations over the first three steps At, as follows. First the
approximate values of (1ij(o)' (1jj(I)' (1ij(2) and (1jj(3) are determined; most simply (1ij(3) =
(1ij(2) = (1ij(l) = (1ij(O) may be introduced. Then the values (1ij(o's) for the middle of the first
interval (tIO), t(l» are computed, using a 4th order interpolation formula which is (1ijlll " =
(S(1;j(O) + 15(1ij(1) - S(1ij(21 +(1ijm)/16. Subsequently the values (1?i<Il' (1Z(2) , (1Z(31 are computed,
using solely the values (1ij(r) of the preceding approximation. The values (1ii(oSl enable to
apply the Simpson rule for the calculation of (1ij(I)'

The algorithm of integration, just described, is represented by a flow chart in Fig. 1.
SUBI «(1jj' w, (1Z) is a subroutine for the solution of the elasticity problem with initial
stresses (1Z as the input values; in the case of a plate this solution is carried out according

CT11- 0

(I,) - 1,2)
SUB I (CTJII,1 ,W,CTI')

A 0,1-1,2
CTlllol - CTJj(ol s- 0, ... 3)

o
~-----...,...~SUB I (CTIII,) ,w,CTII)

CTiY- CTIY+ C(~)~II('1 - fin

FIG. 1. Flow chart of the fourth-order method in the case of integral-type creep, valid for n ~ 3 (n = sub­
division of time; nj = number of iterations; n1 = number of approximations; T = true, F = false;

SUBl, SUB2 = subroutines defined in the text~
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to equations (A4), (A6HAlO); SUB 1 also includes the elastic solution of wand (Jij' caused
by the given applied loads in time tw and adds these values to the values due to initial
stresses (J~. SUB2 (J;j, (Ji) is a subroutine which, using the values (Jij' evaluates the inte­
grands (denoted by J;) of the hereditary integrals in terms of the total stresses (J?; = s~+

<5ij(J~ [rather than (J~ and s~ as in equation (6)J; this is done according to equations (AI),
(3), (2), (5) in this order, followed by

(Jj(r) and 15 are auxiliary arrays for storage of the values of (Jij and J;j, and enable to save
computing time.

The refined, highly accurate method of integration, just described, requires that the
functions (e.g. (Jll) which are to be integrated in time (or extrapolated) are sufficiently
smooth, i.e. continuous and possessing continuous first three time derivatives. This con­
dition is satisfied if the given loading (applied loads and prescribed displacements) evolves
as a sufficiently smooth function of time.

If the loading or some of its first three derivatives is piece-wise discontinuous in time,
the above integration algorithm would have to be started after each discontinuity as in the
first three steps. Such a procedure would be, however, quite cumbersome, especially in the
case of many discontinuities. Therefore only the most simple step-by-step procedure is
then justified. The subintervals must be selected so that discontinuities occur only at the
ends of individual subintervals. The time-integrals (9) may be calculated by the trapezoidal
or rectangular rule and there is no reason for a special procedure in the first steps; for the
first estimate of (Jij(r) no extrapolation from the previous subintervals is possible and only
such assumptions as (Jij(r) ~ 0 or (Jij(rl = (Jij(r_l) make sense.t The effect of sudden load
increments which represents an elasticity problem, must be computed separately.

To verify the above method ofintegration in time and study its convergence, the solution
of a rectangular plate has been programmed. The edges x = 0 and x = a were considered
as fixed, and the edges y = 0 and y = b as simply supported. In space coordinates the
finite difference method has been used; the plate was subdivided by a rectangular grid with
the steps ~x = a/lO and ~y = b/lO along x and y, and ~z = d/12 across the thickness of
plate. The functions w, M~, M~, M~ywere represented by two-dimensional arrays of nodal
values, and (Jll' (J22' (J12 by three-dimensional arrays. The integrals (A4) over the thickness
of plate were evaluated by Simpson rule.

The following values were assumed for computations: a = b = 400 cm, d = 12 cm,
E = 4 X 105 kp/cm2 (kp = kilopond = force kilogram), Jl = 0·15, Jl' = 0·05, to = 60 days,
t l = 180 days. A constant, uniformly distributed load q = 0·7 kp/cm2

, applied in time
to was considered.

The results ofcomputer analysis (IBM 7094) are given in Table 1 for different numbers n
of the subdivisions of the time interval (to, t l ). The results are graphically represented in
Figs. 2(a, b and c).

t For linear integral-type creep, this simplest version of integration in time was suggested (without numerical
verification) by Batant in 1966 [2].
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TABLE 1. NUMERICAL RESULTS FOR INTEGRAL-TYPE CREEP OF A PLATE.

No. of
No. of approxima- x = a/2 x = a/2 x = a/2 x = b/3 x = a/3

iterations tions Subdivision y = b/2 y = b/2 y = b/2 y = b/6 y = b/2
per step in first n z = a/2 z = d/2 z = d/2

nj 3 steps w ax a y 'xy W

nk

2 6 4 1·175 117-3 90·13 -15·0 0·8830
8 1·1644 111·7 90·12 -19·1 0·8753

16 1·15969 110·500 89·1199 -18·9089 0·871416

4 8 4 1·179 117·9 91·71 -17·4 0·8868
8 1·1643 111·6 90·10 -19·2 0·8752

16 1·15969 110·494 89·1169 -18·9090 0·871408

6 10 4 1·178 117·1 91·68 -18·2 0·8864
8 1·1643 111·6 90·11 -19·2 0·8752

16 1·15969 110·494 89·1171 -18·9091 0·871408

3. SIMPLIFICATION FOR A DEGENERATE MEMORY FUNCTION

Often the memory functions may be assumed in the form of a degenerate kernel [8J,

"«
Lv(t, r) = L AvJr)Bv«(t),

~= 1

".
Lit, r) = L AdJr)BdJt)

~=l

(9)

in which the number of terms, n~, is small; Av.' Bv«' Ad«, Bd«are functions of one variable.
For instance the function often used for concrete, namely

(10)
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FIG. 2. Lines of equal relative values in the right lower quadrant of plate. Integral-type creep. (Dashed
lines pertain to the initial state at the time to of uniform load application, continuous lines to time t 1 ;

S denotes the simple supported edge, F the fixed edge and 0 the center of plate.) (a) Maximum principal
stresses at the lower face of plate; in time to, 0 corresponds to the stress value -48, 10 to 143·6; in time
t"O corresponds to -84,10 to 11()'5. (b) Minimum principal stresses at the lower face; in time to,O
corresponds to - 315, 10 to 98·4; in time t 1 ' 0 corresponds to - 218, 10 to 89·1. (c) Stress intensity at the

faces; in time to, 0 corresponds to 0, 10 to 295; in time t 1 , 0 corresponds to 0, 10 to 133.
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in which ({'''' are functions and "I", constants, may be brought to the form (9). Substituting (9)
into creep law (1), it follows

C1~' = '" Bd S··I}(,.) l..J /X(r) l}tz(r)

'"
(11)

where

(12)

Replacing these integrals with a finite sum according to formula (8), the following recurrent
relationships may be found (for r > 3):

~t
Sv = Sv +-(8mv +23mv -l1mv 2 +5mv - m ), S•.). =. .. (13)

CX(r) CX(,.-1) 24 't' (r) .." (,.-1) 'Y (,.-) 't" (,.-]) 't'.'f,.-4) CI:(r)

where (('V(r) denotes the value of AV(r)FV(r)C1V(r)' For r = 3,

SV~(J) = i~t«({'v(O) + 3({'v(I) + 3({'v(2) + ({'V(J))' (14)

In the case of a general memory function the need for storage of the entire history of
stresses C1ij in the computer memory may be a serious obstacle. Obviously, this may be
circumvented if the memory functions are given in form (9) because it is sufficient to store
only the history of stresses C1ij over the last four steps, and the current values of SII~ +Sv~,
S22.. +Sv..' S12.. (in case of a plane problem) for all ct, in addition. The amount of computer
time for evaluation of C1Z becomes also substantially reduced. The general form of the
flow chart as it appears in Fig. 1 remains unchanged.

The recurrent relationship for Sij.. and Sv.. is especially simple if the trapezoidal rule is
used for the evaluation of integrals (12). Then

~t
Sv = Sv +-(Av Fv C1v +Av Fv C1v ), Silo =... (15)"(r) "(r-1) 2 "(r-I) "(r-I) "(r-I) "(r) "(r) "(r) "(r)

so that only the current values (t = t(r») and the last preceding values (t = t(r-l» of the
stresses C1ij need be stored. The starting values are SV{O) = Sij(O) = O. The corresponding
flow chart is given in Fig. 3.

It should be noted that in the case of a degenerate kernel [equation (9)J the non-linear
integral-type creep law (1) may be converted to a rate-type creep law in form ofa differential
equation of order n",.

4. ALGORITHM OF TIME INTEGRATION FOR RATE-TYPE CREEP

(17)

(16)
(i,j = 1,2,3) }

Consider now the following isotropic constitutive equation for small strains

K(Bv+gvBv) = O"v+ fvC1v

2G(eij+g"ei) = Sij+fdSij

wherefv,fd,gv,gd = given polynomials in the invariants of the stress and strain tensors;
Bv' ejj , 0"v' sij = rates of strain and stress which may be taken (for small strains) as partial
derivatives, e.g. O"ij = OC1ij/Ot. In the numerical example it has been assumed

fv = gv = gd = 0, fd = 0·2+s2/2502
•
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X+-- oy, Y+-- Slp Z- Sl2
crv+- 2cry - OV' , ...

(Ty'''- XI 51; <if- Y, S,~ ..... Z
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~-----~SUBI (Ojj'W,CTit) ~--~
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s.Fy.Fd+-- eq.(3),(2) for cry,SII.S'2
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crye +-- Fycry.s"e +-- Fd SIl'S,! +- Fds'2

Sy +-- Sy + ~(Ay F:CT;+Ay CT.-I.S" ",S'2 ...
a a a(r-I) a(r) a a

FIG. 3. Flow chart of the second-order method in the case ofdegenerate memory function for integral-type
creep.

Subdiving the given time interval (to, t 1) as before, the creep law (16) may be approxi­
mated by the finite difference equations:

(i,j = 1,2,3) (18)

where

(19)

/1~(r) = (Jii v - Kgiv)~t }
(20)

e~. = (Ls .. -2Gg-de..)M .
l}(r) IJ I}

~ stands for increment from time t(r-l) to time t(r), e.g. ~eV(r) = eVer) - eV(r_l); Jd' Jv' Sij, ... =
certain values of fd,fv' Sij' ... within the interval [t(r-l), t(r)].

Most simply the values of Jd' Jv' Sij, ..• may be taken as the values of fd,fv' Sij, ... in
time t(r-l), i.e. sij = sij(r_l) etc. the error in equation (18) being of order ~t. These values
are available from the analysis of the preceding step (t(r-2), t(r-1) so that the values of
e~(r)' e~(r) in equation (18) may be determined. Thus equation (18) may be regarded as a
fictitious incremental linear elastic stress-strain law with prescribed incremental initial
strains e~, e~. The loads to be considered are the given applied load increments during the
interval [t(r-l), t(r»' The calculation of ~(Jij(r) and ~eij(r) can be done again according to the
Appendix.

A more accurate method whose error is proportional to M 2 may be arranged similarly
as the second-order Runge-Kutta method for ordinary differential equations. Using the
approximate' values of ~/1v(r)' ~sij(r)' ~eV(r)' ~eij(r) obtained as above, e~s' eZ(r) (or /1~(r)'
s~(r,) may be recalculated from the following improved values

(21)
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with the corresponding Jv,Jd' gv' gd' and the analysis of AO"ij(r)' Aejj(r) repeated. The algo­
rithm of this method is represented by the flow chart in Fig. 4. Subroutine SUB 1 is the
same as in Fig. 1; SUB 3 (O"~, aij) is a subroutine which evaluates O"~, applying equations
(A1), (3), (17), (20), (AS) in this order.

The second order method is, of course, justified only if the given loads and their first
time derivative vary continuously with time within each time step. Contrary to the
method in Fig. 1 for the integral-type creep, the loads and their derivatives may exhibit
sudden increments (discontinuities) in times t(r) because no extrapolation from the previous
interval is used. Determination of the effect of these sudden load increments is an elasticity
problem.

READ tlo) • tIn) •n. 6t. K,G, data on plate and loading.
fd.Od ,fy ,9v

STOP J-------{ r < n ).-----f~:=O;:_~~--==:l

(Til - O"il +t6 0"jJ

w-w+t6w

t - t+ t6t

FIG. 4. Flow chart of the second-order method in the case of rate-type creep (n = subdivision of time;
T = true, F = false).

The first order method is applicable for any piece-wise continuous time variation of
loads, provided that the subintervals of time are selected so that discontinuities occur only
at the ends of individual subintervals.

For verification, the same example as before has been programmed for the rate-type
creep [equations (16), (17)]. The following numerical data were assumed:

a = b = 400cm, d = 12cm, E = 4x 105 kpcm- 2
, J1 = 0·25, to = 0, tt = 6,

Ax = Ay = a112, Az = d112.

A constant, uniformly distributed load q = 0·6 kp cm - 2, applied in time to, was considered.
The results furnished by computer analysis (IBM 7094) are given in Table 2 for various
numbers, n, of subintervals in time, and are graphically represented in Figs. 5(a, b, c).
Figure 6 gives an example how the plots were output on printer. For practical purposes the
line plots in Fig. 5 need not be constructed because the letter code in the printer plot as in
Fig. 6 enables to determine the value in any point (without interpolation) with the accuracy
of ± 1 per cent of the maximum value.

Finally, the comparison of computer storage requirements is of interest. Denoting by
N the number of storage locations required for the first order method for rate-type creep,
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TABLE 2. NUMERICAL RESULTS FOR RATE-TYPE CREEP OF A PLATE

X a I") X = al3 X = al2 X = al2 X = bl3 X = al2/-

Subdivision y = bi2 y = bl2 y = bl2 y = bl2 y = bl6 y = bl2
Method n z = dl2 z = dl2 z = dl2 z = dl3

w w (Jx (Jy r XY (Jx

1st order 4 1-06396 0·86732 132·11 118·22 -11·426 103·96
method 8 1·06130 ().86480 131·96 117·55 -11·717 103·19

16 1·06092 ().86440 131·92 /17·19 -11·847 102·87
32 1·06084 ().86430 131·90 117·01 -11·908 102·72
64 1·06082 ()'86427 131·89 116·92 -11·938 102·65

2nd order 4 1·05716 0·86075 131·69 115·65 -11·971 102-28
method 8 1·06030 0·86378 131·89 116·72 -11·979 102·53

16 1·06070 ()'86415 131·88 116·81 -11·9701 102·565
32 1·06079 ()'86423 131·883 116·825 -11·9679 102·573
64 1·06081 ()'86424 131·884 116·829 -11·9674 102·575

the second order method for rate-type creep requires about 2N locations. The fourth order
method for integral-type creep requires (n +4)N locations where n is the number of sub­
divisions of the time interval. In the case of a degenerate memory function, however, the
number of storage locations needed is the same as for the rate-type creep (for a method of
the same order), and the computer time is also about the same.

5. CONCLUSIONS

1. The non-linear creep of plates, either of integral-type or of rate-type, can be solved
as a sequence ofelasticity problems.

2. In the problem considered, the algorithms in Figs. I and 4 practically well converged
and enabled to achieve highly accurate results.
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FIG.5(a).
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FIG. 5. Lines of equal relative values in the right lower quadrant of plate. Rate-type creep. (Dashed lines
pertain to t = to, continuous lines to t = t l ; S denotes the simply supported edge, F the fixed edge, 0
the center of plate.) (a) Maximum principal stresses at the lower face of plate; in time to, 0 corresponds to
- 67, 10 to 129·8; in time t1,0 corresponds to - 133, 10 to 131·9. (b) Minimum principal stresses at the
lower face; in time to,O corresponds to -267,10 to 94·5; in time t" 0 corresponds to -200,10 to 116·8.
(c) Stress intensity at the faces; in time to, 0 corresponds to 0, 10 to 244; in time t l' 0 corresponds to 0,

10 to 175.
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, , • , , , , , • • , • , , , ••• - yXXWVUI". •• - T SRRQP0 RST- • .' uw Y • , ACE. ,
""",""" ••• --Y~XWVVU'" .--TSRROPOQST- •• ,'VX- 'Ro-
""""." •• ---YYXYWVVU", .--TSSRQPQRSTT-. "UWY.,ACE •

••• ---VYYXXWVVUlf'" •• -TTSSROQQPSST- •• ,UWX- '80-
••••••••••• ----yYY)(XXWVVULJ'" •• -TTSSRGlOQRSST--. 'VXY., ACE
YY YYY YYYYVYVYXXX XWWWVVUU' " , •• -- TTSSR QQQR S ST T--•• ,UVX- ,AC
WWWXXXXXXXXWWWWVVVVlJUU"", •• --TTSSRRQQQ~RSSTT--. 'uwx- ,A
VVVVVVVVVVVVVlJUUtHJ' "," ••• --TTTSSRRRQRRRSSSTTT-., 'VWY-.,
" '" " " """'"", ••• ---TTTSSSRRRQRRRRSSSSTT- ,'vwx-.
""""""" •••• ----TTTTSSSRRRRQRRRRRRSSSST- ,'UWXY
•••••••••••••••••••• ------TTTTTSSSS5RRRRDRRPRRRPRRRST. ,'UVW
SSSTTTTTTTTTTTTfrTTTTTTTTTTTSSSSSSSRRARRRRPRRRRRRRRRST-•• "
PQQQQQRRRRRRSSSSSSSSSSSSSSSSSSSSSRRRRPRRR00QQQOOOOQRRRS5TT-­
",""PPPPQQOQOQRRRRRRRRRRRPRRRRRRRRRRRRQQOQQQOQOQQQQQQQOQQ

••• ,.,""PPPPQOQOQQQRRRRRRRRPQRRRRRQQQQQQOPPPPP""",
COOOEE--... ","'PPPPPOQQQQQQQQRRRRRRRCQQQCPPPPP'" .--E
AAABBCCDDEE--.. ,,""PPPPQQQQOQOOCQOQROQOOPPPP", .-EDCBA

FIG. 6. Example showing how the lines of equal values [in Fig. 5(c), t = t t1 were simulated on printer.
(The interval between the maximum value and the minimum value was divided in 50 equal subintervals,
to which the following series of 50 characters was assigned:

ABCDE-. ,'PQRST-. " UVWXY-. ,'ABCDE-. ,'PQRST-. " ).

3. For the integral-type creep (flow chart in Fig. 1), high number of iterations per step
brings hardly any improvement of accuracy and two iterations per step (nj = 2) are suffi­
cient.

4. In the case of rate-type creep, the convergence rate of the second-order method was
for stresses in some nodes substantially better than in the first order method, while in
other nodes the convergence rate was about the same (but not worse).
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5. For a degenerate memory function [equation (9)] the requirements for storage and
computer time may be substantially reduced and become comparable with the requirements
in the case of rate-type creep.

6. The finite difference method in space coordinates is suitable for the plates with simple
boundaries, such as the rectangular plates.
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APPENDIX

Theorem 1

Let the constitutive equation for small strains be

(AI)

where aij = stress tensor, ekl = strain tensor, eZ = initial strain tensor, Cijkl = elastic
moduli; Ciikl and eZ may depend on space coordinates Xi (i = 1, 2, 3). Introduce the prestress
tensor

(A2)

and define F l as the state of volume and surface loads which equilibrate aZ. Then, in a given
body under zero applied load, the stresses are ali - a;], the (linearized) strains are eli and
the (small) displacements are ui where ai), ei), ui is the solution of the same body (with
the given prescribed displacements) for loads F l and zero initial strains (eZ = 0).

Effect of initial strains in plates
Consider a plate in plane (x, y) or (Xl' x 2 ). To determine the effect of initial strains

e~(r)' e~ l(r)' e~2(r)' e~2(r)' e~3(r) given by equation (5), first the prestresses defined by equation
(6) must be computed, as required by Theorem 1. For substitution in formula (6), it is



96 Z.P.BAZANT

necessary to calculate first the deviatoric and volumetric components which are (0'33", =
a 13(s) = a23(s) = 0):

The resultants ofprestresses (6) over the thickness of the plate are certain bending moments,
denoted as M~(r) and M~(r)' and torsional moment M~Y(r)'

f
dl2 fdl2

M~(r) = a? l(r)z dz, M~{r) = a~2(r)z dz,
-d12 -dj2

where

(AS)

(A6)

(A7)

(AS)

According to the well-known differential equilibrium equation for plates [7] the dis­
tributed load qf,.) which balances a~(r)' s? l{r)' S~2(r)' S?2{r) is

1 02
M~{r) 2(]2M~Y{r) 02

M~{r}
q(r) = -ar- oxoy ~.

This load represents the loading state Ft, defined in Theorem 1. In addition, F1 might also
include certain loads at the edges. But at simply supported edges aZ(r} and M~{r}"" are
all zero so that no loads are needed. At fixed edges, moments balancing M~(r>, ••• should be
included in F1

; they have, however, no effect on the stresses in the plate.
Deflection wtr) of the elastic plate under the load qf,.) may be solved from the equation

[7] :

(
02 02 ) 2 1 q(~)

ox2 +Oy2 W(r) = D

with the appropriate boundary conditions; notation: D = /2d3E/(I- J1.2) where E = 3/(K - I

+G- 1) = Young modulus, J1. = (tK - G)/(K +G) = Poisson ratio. The stresses ai~(r) due
to q(~) are determined from the relationships [7] :

1 Ez (OZW(r) 02W(r»)
O'l1(r) = -1-J1.2 ox2 +J1. oy2 '

0'1 __ Gz oZw(r)
12(r} - oxoy

Finally, the deflections and stresses, caused by the initials strains £~(r)' e? 1(r)' e~2{r)' e?2{r)'

e~3{r)' are:

1 0
(T11{r) = O'll(r) -(Til{r)'

(A9)

Relationships (A4HA9) were derived in 1964 independently by Lin [5] and by BaZant
[3]. More general relationships for sandwich plates and shells have been also deduced [9].

(Received 17 Februilry 1969; revised 20 January 1970)
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A6cTpaKT-AaeTCli 06~Hit 'lHCneHHhIlt MeTOn HHTerpHpOBaHMlI no BpeMeHH HenHHdl.HLIX 3a)1,a'l nomy'lecTH
naCneAeTBeHHOrO THna. TIpe,IJ,naraeMldlt MeTOn CBOnHT 3aAa'ly non3y'leCTH K PliAY 3aAa'l yHpyrocTH C
BHHYlKAeHHhIMH AecPopMalUlllMH. TIp0BeplieTCli npaKTH'lecKali BepOliTHOCTh H CXOAHMOCTh Ha OCHOBe
paC'leTa npliMoyrOnLHoi!: nnaCTHHKH. MccneAyeTcli 3MnHpH'lecKH TO'lHOCTh pa3Horo pona MeTOAOB. Anll
cnecHanLHOro cny'lall BhlpOlKAeHHoro lIApa nocneAeiteTBHlI BblBOAHTCli 3cPcPeKTHBHall, no 3KOHOMHH
MaUlHHHoro BblrHcneHHlI, MOAHcPHKaUHlI MeTOAa. KpOMe Toro HCCJ1eilYIOTCli '1HCJ1eHHble MeTOAbl ilJ1l1
AHcP<!>epeHyHlInbHoro 3a'lOHa non3y'lecTH.


